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A compression rheology model is used to describe the behavior of networking solids
undergoing centrifugal filtration under batch operation. A description of the batch
filtration process is accomplished through the use of the rheologic functions for compres-
sive yield stress py(�) and the hydrodynamic resistance R(�), with a characteristic
pressure scaling, timescaling, and membrane resistance. Comparison of the results of this
model to those found in engineering text books indicates that noncompression models fail
to describe the variation in the cake resistance. The compression rheology model also
predicts that the effective cake resistance is approximately 20% larger than that predicted
by conventional theory. © 2005 American Institute of Chemical Engineers AIChE J, 52: 545–556,
2006
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Introduction

Solid–liquid separations are fundamental to many industrial
and laboratory processes. Filtration of compressible solid cakes
has undergone examination in recent years by many research-
ers such as Tiller and coworkers,1-5 as well as Wakeman6 and
others.7-9 The models presented to date have relied on expres-
sions of concentration and resistance as functions of pressure.
We regard this methodology—although valid—as less repre-
sentative of the local physical phenomena and so choose to use
compression rheology to describe the relationship between
pressure, solids concentration, and resistance.

The mathematical analysis of settling and consolidating sol-
ids, in particular flocculated solids, has had many contributors,
including Bürger,10-12 Buscall and coworkers,13,14 and Land-
man and coworkers.15-17 All apply a solids concentration dif-
fusion model to the sedimentation and consolidation of the
suspension and allow for local concentration, pressure, and
resistance effects. These models are based on the observation
that the solids network formed during filtration can be com-
pacted (densified) under pressure and during an operation such
as filtration the network density will change across the cross

section of the cake of collected solids. This property is called
compressibility and is not solely a property of flocculated
suspensions; any material forming a space-filling network that
densifies under pressure is compressible. This property com-
plicates filtration because the resistance to liquid flow increases
with the density of the cake. The physics of solids network
compression has been widely analyzed.7,13,18,19 We have
adapted the compression rheology model used by Buscall and
coworkers to the case of batch centrifugal filtration. This model
describes the sedimentation, consolidation, and bed immobili-
zation effects using a solids diffusion model for a plastically
deforming solids network.

Mechanics of Separation

A force balance on the solids and liquid in an element of
suspension with solids volume faction � yields19

�pl � �R����u � S� � �lg (1)

�ps � ��R����u � S� � ���g (2)

The suspension flux per unit area of filtration is

S � �u � �1 � ��w (3)
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where

� � S � 0 (4)

where u is the solids velocity and w is the liquid velocity. Here
�� � �s � �l. R(�) is the hydrodynamic resistance, an exper-
imentally available function.18,20 The function used in our
present calculations is

R��� � R0�1 � ����5.5� (5)

which is comparable to the forms used by others.15,18 For the
purposes of this investigation, this function captures the essen-
tial functionality of the increase in resistance with increasing
solids concentration. In practice, experiments would have to be
conducted to determine the appropriate function for R(�).20,21

The solids conservation equation is

��

�t
� �� � ��u� (6)

The force balance and solids conservation equation do not
constitute a closed set of equations. We use the compressive
rheology closure presented by Buscall and White13

ps�r, t� � py���r, t�� (7)

when the solids network is consolidating. If ps(r, t) 	 py[�(r, t)]
then the network is strong enough to resist compression and
becomes rigid. The compressive yield stress py is a measure of
the mechanical strength of the solids network and is experi-
mentally accessible.13,21 The mechanical strength of the net-
work vanishes below a critical volume fraction �g. For � 	 �g,
the solids are assumed to exist as isolated flocs and can there-
fore sustain no applied solids stress. The functional form of
py(�) used in these calculations is14,22

py��� � p0�� �

�g
� 5

� 1� (8)

Centrifugal Filtration Model

The geometry of a centrifugal operation is necessarily cy-
lindrical, with the outward radial direction being the primary
direction of flow. For our problem we will require that the
centrifuge operates uniformly around the circumference and
along the length of the centrifuge, thus removing angular and
axial dependency within the problem. We will consider the
centrifugal force to greatly exceed any ordinary gravity con-
tribution. The method of loading the centrifuge is crucial to the
modeling of its operation. We choose to avoid as many com-
plexities arising from start-up as possible and model a drum of
radius rm, spinning at constant speed � (Hz), being instanta-
neously loaded with a volume per length v0, of suspension with
solids volume fraction �0 (	�g). Under these conditions, cen-
trifugal drum filtration becomes a two-dimensional problem in
the radial coordinate r and time t, once turbulence and edge
effects have been neglected for a uniformly loaded drum.

The total filtrate volume expressed per unit length of the

centrifuge is v(t). During filtration v � 0, v̇ 
 0, and v̈ 	 0.
From Eq. 3

S�r, t� �
v̇�t�

2	r
(9)

The “weight” term g, in Eqs. 1 and 2, is just the centrifugal
acceleration, g � �2rˆr. The force balances become

�ps

�r
� ����2r � R�����u �

�v̇
2	r� (10)

�pl

�r
� �l�

2r � R�����u �
�v̇
2	r� (11)

The total pressure, pt � ps � pl obeys

�pt

�r
� ���� � �l��2r (12)

Integrating Eq. 12 from the top of the suspension to the
membrane yields

pt�rm, t� � pa �
�l�

2

2	 �1 �
��

�l
�0�v0 �

�l�
2

2	
v (13)

and at the membrane (r � rm)

pl�rm, t� �
Rmem

2	rm
v̇�t� � pa (14)

where Rmem is the membrane resistance per unit length and pa

is the ambient pressure. Thus

ps�rm, t� � �l�
2�1 �

��

�l
�0� v0

2	
�

�l�
2

2	
v�t� �

Rmem

2	rm
v̇�t�

(15)

Initially, the solids pressure at the membrane is zero because
material has just started to accumulate [�(rm, 0) � �g] and v̇ is
at its maximum, at v � 0 (see Eq. 15). As material accumulates
and the cake grows, the concentration at the membrane will
increase as the solids are compacted into structures that can
support the greater solids stress. The solids concentration at the
membrane will reach a maximum at the time tI (see Figure 1)
where the solids pressure at the membrane is maximal. From
Eq. 15 we see that �(rm, t) reaches its maximum when

�l�
2

2	
v̇�tI� � �

Rmem

2	rm
v̈�tI� (16)

Thus there are two timescale regimes within the problem: a
membrane resistance controlled regime (Initial Cake Forma-
tion) and a cake resistance controlled regime (Cake Growth). In
the membrane resistance controlled regime, the concentration
at the membrane is increasing. After the concentration at the

546 AIChE JournalFebruary 2006 Vol. 52, No. 2



membrane has reached its maximum, the cake resistance con-
trols the timescale.

Note that, although the concentration at the membrane is
increasing, the total pressure at the membrane has been de-
creasing as a result of removal of fluid from the centrifuge (see
Figure 1). The decreasing total pressure produces an effect
called “cake immobilization,” a phenomenon first reported by
Sambuichi.1 Under conditions of decreasing total pressure, for
t 
 tI the solids pressure will drop below the yield stress in
compacted portions of the cake closest to the membrane. The
result is that an immobilized zone, rm 
 r 
 rI(t), moves
inward from the membrane for t 
 tI, in which the solids
network is no longer consolidating.

Moving Boundaries

In addition to the membrane at r � rm, there are up to four
more internal boundaries in the problem (see Figure 2). These
boundaries are mobile and correspond to transitions in the
behavior of the solids. The inner fluid surface rf (t), the interior
boundary of the supernatant layer, is given by

�1 � �0�v0 � v�t� � 2	 �
rm

rf

�1 � ��rdr (17)

A clear supernatant layer rf (t) 
 r 	 rs(t) will form at the inner
surface as a result of the density difference between the liquid
and solids. The boundary between the clear supernatant and the
sedimenting zone is rs(t). Within the sedimenting zone isolated
particles and flocs are driven toward the membrane by both
convection and centrifugal gravity. Here the particle stress is
zero because the volume fraction is below �g.

The inner surface of the cake is rc(t). At the cake surface the
sedimenting solids are collected into stress-supporting struc-
tures at the gel point [�(rc

�, t) � �g], which are in turn
compressed by new material convecting into the cake. This
produces a region of consolidating networked solids in which
the solids flux, from Eqs. 2 and 7, is

�u � ���2r
�

R���
�

�v̇
2	r

� D���
��

�r
(18)

where D(�) is the solids diffusion coefficient22:

D��� �
�py���

�� �R��� (19)

The boundary rc(t) is a discontinuity in � and the solids flux,
given that �(rc

�, t) 	 �0. The compressing cake occupies
rc(t) 
 r 	 rI(t) and the immobilized zone occupies rI(t) 
 r 

rm (t 
 tI) as discussed above.

Because there is no mechanism for a discontinuity in con-
centration to develop at rI(t) it follows that the solids flux must
be continuous across rI(t) and the immobilization boundary is
not a first-order shock. Initially, rI(t) � rm (t 
 tI) as the solids
collect at the membrane that serves as the zero solids flux
boundary. At t � tI, ps(rm) will reach a maximum (see Figure
1), and the zero solids flux boundary rI(t) will move away from
the wall at subsequent times.

While rf (t) 	 rc(t) the cake is saturated and pl(rf, t) � pa.
Thus Eq. 17 becomes

	�rm
2 � rf

2� � v0 � v�t� (20)

In this case, integrating Eq. 11 from rf (t) to rm yields

v̇ �
�l�

2�rm
2 � rf

2� � Ss � Sc

Rmem

	rm
� �rc

rm dr
�R���

	r

(21)

where

Ss � ���2�s�t��rc
2 � rs

2� (22)

Sc � 2 �
rc

rm

dr�uR��� (23)

Here we have used Eq. 10 with ps � 0 to eliminate the solids
flux in the sedimenting zone. The first term in the numerator of
Eq. 21 is the fluid contribution to the driving force and the
remaining two terms represent the solids contribution in the
sediment (Ss) and cake (Sc).Figure 1. Pressure at membrane as filtration proceeds.

Figure 2. Centrifuge cross section.

AIChE Journal 547February 2006 Vol. 52, No. 2



Scaling the Centrifugal Model

We choose the following scalings:

P �
2p

�l�
2rm

2 T �
t

t*
� �

R���

R*
V �

v
	rm

2

Z �
rm

2 � r2

rm
2 ���� � D���

2 R*

�l�
2rm

2 � �
2t*

rm
2 r�u

(24)

where t* and R* are chosen so that

2�l�
2rm

2 t*

R*rm
2 � 1 t* �

R*

2�l�
2 (25)

Conservation of solids (Eq. 6) becomes

��

�T
�

��

�Z
(26)

The scaled solids flux, from Eq. 18, becomes

��Z, T� � �V̇ � �1 � Z����

�l

�

�
� �(�)

��

�Z� (27)

and Eq. 15 yields

Ps�0, T� � L�1 �
��

�l
�0� � V � 
V̇ (28)

where


 �
2 Rmem

R*rm
L �

v0

	rm
2 (29)

This scaling leaves us with a degree of freedom, allowing us
to specify a time or resistance scaling. In the initial stage of
cake formation the rate of expression is controlled by the
membrane resistance and in this portion of the process we
choose to specify the resistance scaling, R*, so that 
 � 1, and
thus

R* �
2 Rmem

rm
for T 
 TI (30)

For T 
 TI, the cake will be the controlling resistance. Accord-
ingly the resistance scaling R* is reset to promote total filtration
in O(1) scaled time (see below). We define

I1�Z� � �
0

Z

�dZ (31)

I2�Z� � �
0

Z ��

1 � Z
dZ (32)

I3�Z� � �
ZI

Z ��

1 � Z
dZ (33)

Thus Eqs. 20 and 21 become, respectively,

V̇�T� �

Zf�T� �
��

�l
�s�T��Zs � Zc� � I3�Zc�


 � I2�Zc�
(34)

Zf�T� � L � V�T� (35)

Solution Zones
Sedimenting zone

In the sedimenting zone, Eq. 27 reduces to

�s�Z, T� � �V̇ � �1 � Z����

�l

�

�(�)� (36)

Substituting this into the continuity equation (Eq. 26) yields a
first-order partial differential equation that can be solved using
the method of characteristics23 to yield �(Z, T) � �s(T) where

��s

�T
� �

��

�l

�s

���s�
�Zc

� 
 Z 
 Zs� (37)

and Zs(T), where

�1 � Zs�T���s � �1 � L��0 � �
0

T

dT�sV̇ (38)

At T � Ts the sedimenting zone disappears into the cake,
Zs(Ts) � Zc(Ts), and cake formation is complete. The superna-
tant, Zc 	 Z 
 Zf will continue to drain through the cake until
Tc at which Zc(Tc) � Zf (Tc). Subsequent cake compression and
drainage (T 
 Tc) behavior requires additional physics and is
the subject of a second article.24

Consolidation zone

In this region, � is given by Eq. 27 and, when substituted in
Eq. 26, produces a diffusion equation for �(Z, T), which must
be solved subject to appropriate boundary conditions. Howells
and coworkers15 presented a numerical algorithm for this form
of equation using a backwards-difference approximation for
��/�T. Attempts to numerically solve the consolidation equa-
tions with the backwards-difference approximation for ��/�T
in the cake growth region proved inaccurate as a result of the
initial magnitude of ��/�T. This difficulty is circumvented as
follows. We define
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q � ����
��

�Z
� ����

��

�T
(39)

Differentiating Eq. 27 with respect to T and using the definition
of q, we obtain the following coupled equation set:

��

�Z
� �

1

���� � �V̇

1 � Z
�

��

�l

�

�
�

�

1 � Z�
��

�Z
�

q

����

�q

�Z
� �

1

���� �q� V̇

1 � Z
�

��

�l
��

�� 
��
�

1

1 � Z ��V̈ �
��

�T� (40)

where the time derivative ��/�T can now be replaced by a
backwards difference with little error because �(Z, T) is small
in the cake.

The boundary conditions are25

��ZI, T� � 0 ��Zc
�� � �g �Zc � Zf� (41)

q�ZI, T� � ��
V̇ � 
V̈

�[�(0, T)]
(T 
 TI)

0 (T � TI)
(42)

The cake boundary obeys a shock equation23

Żc�T� �
�s�Zc

�, T� � ��Zc
�, T�

�g � �s�T�
(43)

where �(Zc
�, T), the flux just inside the cake, is determined by

solving the Eq. 40 set.

Immobilized zone

Integrating Eq. 10 through the immobilization zone (� �
q � 0) from Z � 0 to the start of the compression zone [Z �
ZI(T)], and using Eq. 15, yields the scaled equation

Ps�ZI, T� � Py��I� � L�1 �
��

�l
�0�

� V � V̇�
 � I2�ZI�� �
��

�l
I1�ZI� (44)

where �I(T) � �(ZI
�, T). Differentiating this equation with

respect to T yields

q�ZI, T� � �
V̇ � V̈�
 � I2�ZI��

���I�
(45)

Note that Eq. 45 reduces to the q(0, T) boundary condition (Eq.
42) for T 
 TI where ZI(T) � 0. Both � and q must be
continuous at Z � ZI(T) so that

V̇ � V̈�
 � I2�ZI�� � 0 �T � TI� (46)

This serves to determine V̈ once V̇ is specified for T 
 TI.

Initial Cake Formation—Stage 1

The initial period of cake formation can be 	1% of the total
filtration time, although this small period can greatly influence
later behavior because the volume fraction at and near the
membrane is determined during this period.

Calculations were carried out using a FORTRAN program25

using the model properties detailed in Table 1. The control
parameters of the system are

M �
Rmem

R0
P* �

�l�
2rm

2

2p0
(47)

For brevity, functions of � are notated Fi � F(�i).

Small time solution

At T � 0� an infinitely thin layer of cake at volume fraction
�g (ps � 0) forms at the membrane. As filtrate is expressed this
layer will grow in density and thickness. We use a Taylor
expansion technique to determine the initial values of V̇, V̈, and
Żc.25

V̇�0�� � L�1 �
��

�l
�0� (48)

Żc�0�� �

V̇�0���0 �
��

�l
��

��
0

�g � �0
(49)

V̈�0�� � �V̇�0���1 �
�g�0�gL

�g � �0
V̇�0��K0Kg� (50)

where

Table 1. System Values and Functions Used in Centrifugal Filtration Calculations

Drum radius rm � 1.0 m Initial load rf(0) � 0.5 m
Density of liquid �l � 1.0 g/cm3 Density of solids �s � 2.0 g/cm3

Initial solids volume fraction �0 � 0.1 Gel point �g � 0.15
Compressive yield stress py(�) � p0[(�/�g)5 � 1] Scaled initial load L � 0.75
Hydrodynamic resistance R(�) � R0(1 � �)�5.5 Liquid viscosity 
f � 0.001 kg m�1 s�1
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Ki � 	1 �

��

�l

�iV̇(0�)

 (51)

Subsequently, Eq. 45 determines q(0, 0�).

Cake formation algorithm

The solids flux gradient at the membrane, q(0�, T), is ini-
tially very large and decreases to zero when the cake at the
membrane immobilizes (T � TI). To calculate the time evolu-
tion of the filtration, we systematically vary q[0, T(k)] from q(0,
0�) to zero in a set of steps corresponding to times T(k) (k � 1,
2, . . . , N). At each step, we guess V̇(k) [	V̇(k�1)] and use Eq.
45 to determine V̈(k). The time step �T(k) � T(k) � T(k�1) is
calculated from

�T�k� � 2�V̇�k�/�V̈�k� � V̈�k�1�� � · · · (52)

and the volume step �V(k) from

�V�k� � �V̇�k�
V̇�k�1� � V̇�k�

V̈�k�1� � V̈�k� � · · · (53)

accurate to cubic order in �V̇(k). We then determine �[0, T(k)]
from Eq. 44 and �s

(k) and Zs
(k) from Eqs. 37 and 38. The

consolidation equation set 40 is solved numerically from Z �
0 to Z*, where �(Z*) � �g using a fourth-order Runge–Kutta
method with step-size control.26 For Z 
 Zc

(k�1), we extrapolate
�[Z, T(k�1)] using a Taylor series.22

To verify our estimate for V̇(k) we calculate

Zc
�k� � Zc

�k�1� �
�T�k�

2
�Żc

�k� � Żc
�k�1�� � · · · (54)

and accept V̇(k) if

1 � Z*/Zc
�k� � tolerance �1.0 � 10�5� (55)

To determine Żc
(k) we have the shock Eq. 43 and, from �(Zc

�,
T) � �g, we obtain, by differentiation with respect to T,

Żc � �q�Zc
�, T����g

��

�Z
(Zc

�, T)� (56)

Because �[Z, T(k)] and q[Z, T(k)] are least accurately determined
around Zc

(k), it was found convenient to determine Żc by a
suitable average of Eqs. 43 and 56,25 which minimized this
solution error. If Eq. 55 is not satisfied, we choose another V̇
and reiterate step k until the set tolerance is achieved.

Small time solution for zero membrane resistance

In the limit of M � 0, we can derive a small T similarity
solution25

��Z, T� � ��Z/Zc� � � Z/Zc V � ��T

Zc � ��T ZI �
2

�I
0���I

0�
T (57)

where � and � are constants to be determined. The membrane
solids concentration �I

0 is given by

Py��I
0� � L�1 �

��

�l
�0� (58)

The similarity differential equation is

d

d� ��(�)
d�

d�� �
1

2
��2� � ���

d�

d�
� 0 (59)

with boundary conditions

��0� � �I
0

d�

d�
�0� � �

��

2

�I
0

���I
0�

��1� � �g

d�

d�
�1� � �

�g � �0

2�g
��� � �� (60)

These four boundary conditions are sufficient to solve Eq. 59
and thus determine � and �. The solution algorithm is dis-
cussed by Barr.25 R* � �l�

2rm
2 /[2D(�I

0)]. Values of �, �, and
�I

0 as functions of P* for the model system given in Table 1 are
plotted in Figure 3.

Numerical Results—Stage 1
�(0, t)

As discussed earlier for nonzero membrane resistances, the
concentration at the membrane increases until a maximum is
reached at tI. The concentration at tI depends strongly on P*
and M as shown in Figures 4 and 5, with concentrations at the
membrane approaching the theoretical maximum (�I

0) as M
decreases. In these figures, we have unscaled the time variable
(R0 � 4.486 � 106 kPa�s/m2; thus all times are in seconds) for
comparison purposes. For clarity in Figure 4 we do not exhibit
the zero membrane resistance results for other than P* � 100.

Figure 3. Zero membrane resistance centrifugal similar-
ity solution parameters.
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�(Z, t) profiles

In Figure 6 we plot �(Z, t) as a function of Z for P* � 50,
M � 10�3, and various unscaled times t. The zero membrane
resistance case evaluated at tI shows a cake profile comparable
to the small membrane resistance calculation at the same time.

At large membrane resistance we observe substantial devi-
ation from the zero membrane resistance solution as expected
(see Figure 7). Figure 7 shows a case where the sedimenting
solids have been completely absorbed by the cake before the
cake at the membrane immobilizes (ts 	 tI). Note that there is
little difference between the profiles at ts and tI in this case.
This situation occurs for large membrane resistance and small
driving pressures where sedimentation is complete before the
solids pressure at the membrane peaks.

Expressed volume, V(t)

Figures 8 and 9 show the scaled filtrate volume expressed
over time. As with �(0, t), the full numeric solution approaches
the zero membrane resistance solution as M 3 0 once a
substantial cake has developed, as shown in Figure 8. Figure 9
shows that the volume expressed at tI is relatively constant for
a given M and that the applied pressure controls tI.

All the solutions displayed in Figure 9 tend toward the zero
membrane resistance behavior, which is consistent with the
resistance of the forming cake becoming dominant over the
membrane resistance contributions. The M � 0.1 case is dif-
ferent in that the time to the onset of immobilization is so much
greater than that for the smaller resistances that the cake is fully
formed before the onset of immobilization (ts 	 tI). Note that
L(1 � �0) � 0.675 in these calculations so that a very small
fraction of the total fluid has been expressed at t � tI.

Ratio of membrane to cake resistance

The ratio of liquid pressure drop across the membrane to
liquid pressure drop arising from cake resistance is

Ratio �

V̇

Py���0, T�� �
��

�l
��0L � �s�Zs � Zc��

(61)

In Figure 10 we show that, initially, even for small values of
membrane resistance, the membrane resistance is several or-
ders of magnitude greater than the cake resistance. As the cake
approaches the start of immobilization the ratio inverts. Ac-
cordingly we revert to the cake as the controlling resistance
with the onset of immobilization.

Bed Immobilization—Stage 2

For T 
 TI we rescale all variables using

R* �
�l�

2rm
2

2D���0, TI��
(62)

so as to produce �(�) as an O(1) quantity and 
 is now given
by Eq. 29. Note that the initial cake growth, which produces
�(0, TI) and thus the cake resistance, controls the overall
filtration time.

Solving the differential equations during bed immobilization
is functionally the same as during initial cake formation, except
that ZI

k must be determined before the consolidation equations
can be solved. First, the concentration at the immobilization
boundary �I

(k) [	�I
(k�1)] is chosen. With a guess for V̇(k), Eqs.

Figure 6. �(Z, t) evolution at P* � 50 and M � 0.001.
Time is expressed in seconds.

Figure 7. �(Z, t) evolution at P* � 5 and M � 0.1.
Time is expressed in seconds.

Figure 4. �(0, t) for 0� < t ≤ tI (seconds) at M � 0.001.

Figure 5. �(0, t) for 0� < t ≤ tI (seconds) at P* � 5.
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53, 46, 52, and 44 can be solved iteratively for �V(k), V̈(k),
�T(k), and �ZI

(k) where we use

Ij�ZI
�k�� � Ij�ZI

�k�1�� � �ZI
�k�Aj � · · · (63)

accurate to cubic order in �ZI
(k) and

A1 �
�I

�k� � �I
�k�1�

2
(64)

A2 �
1

2 �� �I�I

1 � ZI
� �k�

� � �I�I

1 � ZI
� �k�1�� (65)

If �ZI
(k) and �V(k) are sufficiently small we can proceed to

solve Eqs. 37 and 38 for �s
(k) and Zs

(k) and then solve the
consolidation Eq. 40 set subject to Eqs. 41 and 42 as in initial
cake formation. The validity of our guess for V̇(k) is determined
as described previously.

End of sedimentation

For T � Ts the sedimentation zone vanishes and Eq. 43
becomes

Żc�T� � ���Zc
�, T�/�g � 0 (66)

All solids are now collected in the cake and no weight is being
added at the cake surface. The weight increase as the cake

forms serves to keep ŻI relatively small. Once this is not
present, ŻI accelerates as the outward hydrodynamic drag de-
creases with V̇. The Stage 2 solution algorithm outlined above
becomes unwieldy as �ZI

(k) becomes increasingly large. It thus
becomes necessary to assume that the entire cake has immo-
bilized once ZI[T

(k�1)] is acceptably close to Zc[T
(k�1)] and the

solids flux, �[Zc, T(k�1)], has reached zero to within a set
tolerance. The next time step to T(k) � Tc is taken by assuming

Zc�T� � Zc
�k�1� ��Z, T� � ��Z, T�k�1�� (67)

for T(k�1) 
 T 
 Tc. Equation 34 reduces to

Żf � �Zf/�
 � I2�Zc�� (68)

which integrates to yield Zf (T) given that Zc is fixed. The time
Tc is determined by Zf (Tc) � Zc

(k�1) and is given by

Tc � T�k�1�


 � I2�Zc�T�k�1���
� ln�Zf[T

�k�1�]

Zc[T
�k�1�]� (69)

We then solve for V(Tc), V̇(Tc), and V̈(Tc). Thus the state of
the system at the end of cake formation is determined and
serves as the starting state of the subsequent compression and
drainage stages reported elsewhere.24,25

Numerical Results—Stage 2
�I(t) at immobilization front

In Figure 11 we plot the solids concentration at the immo-

Figure 8. Volume expressed for t ≤ tI (seconds) at P* �
5.

Figure 9. Volume expressed for t ≤ tI (seconds) at M �
0.001.
The similarity solution is shown out to maximum possible
expression.

Figure 10. Ratio of membrane resistance to cake resis-
tance for t ≤ tI (seconds) at M � 0.001.

Figure 11. Solids concentration for 0 ≤ t ≤ tc (seconds)
at ZI(t) for P* � 5.
tI and ts are marked on each plot.
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bilization boundary [�I(t)] as a function of unscaled time for
various membrane resistances at P* � 5. It is clear that tI
increases with membrane resistance and �I(t) decreases. How-
ever, after tI, as the immobilization zone moves away from the
membrane, the �I(t) curve appears to be invariant with mem-
brane resistance for the smaller membrane resistances shown.
This results from the cake resistance domination of the filtra-
tion after tI. The M � 0 similarity solution predicts

�I
sim�t� � �� 2�T

�I
0�(�I

0)�� (70)

and this curve is also plotted in Figure 11. Note that it is a
reasonable estimate of �I(t) for small M.

At small membrane resistances a significant amount of solids
have yet to be collected into the network when the immobili-
zation process starts, so rapid immobilization does not set in
until the solids network is fully formed at ts. At large mem-
brane resistances the cake is nearly fully formed when the
immobilization process starts, resulting in rapid immobilization
of the network.

�(Z, t) during cake growth

In Figures 12 and 13 we show cake profiles at various
unscaled times up to tc for small M values. For large membrane
resistances the cake is nearly fully formed at tI and later profiles
are essentially indistinguishable from the solids concentration
profile at tc and are not plotted here.25 At small values of M
significant quantities of solids are still in the sedimenting zone
at tI and so the cake undergoes the bulk of its growth in this
stage of calculation for these values of M. We observe that the

zero membrane resistance solution consistently overpredicts
the cake thickness at tc.

V̇(t) and V(t) during cake growth

In Figures 14 and 15 we plot V̇(t) and V(t) for M � 0.001 and
various values of P*. At least for small M, the plots are
insensitive to M as expected. We observe that V̇(t) and V(t) for
a given P* approach the corresponding similarity solution
result. We show the similarity solution results for P* � 100 in
the figures but have omitted the similarity results for other
pressures for clarity. It is somewhat surprising that the simi-
larity solution produces such close comparisons because it is
strictly a small time solution only.

Comparison with Conventional Model

The conventional theory of pressure and centrifugal filtra-
tion27-29 assumes that the cake resistance per unit solids mass �
is a constant throughout the cake formation stage and that the
cake is immobile. In constant pressure filtration, the conven-
tional model predicts that a plot of t/v vs. v is linear and that the
slope of that plot is proportional to �. Thus laboratory pressure
filtration studies allow �(�p) to be extracted, where �p is the
applied piston pressure. We denote the pressure filter measured
quantity �p(�p). The compression rheology model of pressure
filtration also predicts the linearity of a t/v vs. v plot using R(�)
and py(�) as the fundamental suspension properties. Accord-

Figure 12. Solids concentration profiles for P* � 5 and M
� 0.001 for tI < t < tc (seconds).
The position of ZI(t) is marked on each profile.

Figure 13. Solids concentration profiles for P* � 50 and
M � 0.001 for tI < t < tc (seconds).
The position of ZI(t) is marked on each profile.

Figure 14. Rate of expression in cake formation at M �
0.001 and 0 < t < tc (seconds).
tI and ts are marked on each plot.

Figure 15. Volume expressed during cake formation at
M � 0.001 and 0 < t < tc (seconds).
tI and ts are marked on each plot. The similarity solution is
shown out to maximum possible expression.
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ingly it can predict �p(�p) and verify that the cake solids flux
can be neglected.20 For the model system used in these calcu-
lations, �p(�p) is shown in Figure 16. Note that it is a weak
function of �p.

The conventional theory of centrifugal filtration28 yields

dv
dt

�

1

2
�l�

2�rm
2 � rf

2�


f�0�s

2	2�rm
2 � rc

2�
ln�rm

rc
��cv�t� �

Rmem

2	rm

(71)

where 
f is the fluid viscosity and the centrifugal cake resis-
tance per unit mass of dry solids is denoted �c.

Comparing with our compressional rheology result (Eq. 21)
we see that, provided we can neglect the solids flux contribu-
tion (see below), the two expressions are equivalent if we make
the identification:

�c �
R*


f�s�0
� Zc(T)I2[Zc(T)]

�ln[1 � Zc(T)]V(t)� (72)

If the conventional model is valid, we should expect a close
connection between �c and �p(�p) but, unlike constant pres-
sure filtration, the total pressure in centrifugal filtration varies
across the cake and decreases monotonically in time. What, if
any, connection does �c have with �p(�p), and what �p is
relevant in centrifugal filtration? Our small time results (Eqs.
48 and 49) can be used to derive

�c�0� � � R*


f�s�0
� �g�g�0

�g � �0 	1 �

��

�l
� 1

�0L
�

1 �
��

�l
�0

 (73)

The similarity solution for small time and zero membrane
resistance gives

�c
sim �

�

� �
0

1

d������������ (74)

independent of T provided Zc 		 1.
The numerator of Eq. 71 in scaled terms is P*(L � V) and

serves as an instantaneous driving pressure that we might wish
to equate to �p/p0. Accordingly, in Figure 17, we plot �c(t)
calculated from Eq. 72 throughout a centrifugal filtration event
from t � 0 to tc. On the figure is also plotted �p(P*[L � V(t)])
for P* � 100. We note that �c(t) is certainly not constant with
time, first decreasing and then increasing to reach a roughly
constant value for t � tI. This plateau value may be compared
to the similarity value for small membrane resistance values.
We note that the similarity solution overpredicts the cake
resistance.

The solids contribution to the total driving pressure is dom-
inated by the sedimenting solids while they exist (t 	 ts). In
Figure 18 we plot the ratio of I3(Zc) (the cake contribution) to
the total solids contribution (��/�l)�s(T)(Zs � Zc) � I3(Zc) as
a function of V(T) for various M and P* � 5 to illustrate the
relative contributions of sediment and cake.

While sedimenting solids exist the solids contribution to the
driving pressure is about 15% of the fluid contribution, as can
be seen in Figure 19, where we plot the ratio of solids contri-
bution to fluid contribution as a function of expressed volume
for various M and fixed P* � 5. The ratio is insensitive to P*.
As the sediment disappears this ratio becomes negligible and
the fluid contribution (Zf) becomes dominant.

Figure 16. Cake resistance (1010 m/kg) for model sys-
tem under pressure filtration.

Figure 17. �c and �p (1010 m/kg) for 0 < t ≤ tc (seconds)
and M � 10�3.
�c

sim � 4.7 � 1010 m/kg for P* � 100 (not shown for
clarity).

Figure 18. Ratio of the cake solids flux contribution to
the total solids flux contribution for 0 < t ≤ ts

and P* � 5.
The value at V(TI) is marked on each plot.
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Conclusions

For the system conditions we have presented earlier, exam-
ining the time to the onset of immobilization (tI) shows that the
initial cake formation behavior is resolved in extremely short
periods of time, fractions of a second for M 	 10�2. It is
therefore reasonable to assume that few, if any, experiments
would be accurately described by the simple initial conditions
we have used in these calculations. Drum spin-up and filter-
loading rates are likely to have a significant effect on the initial
cake formation behavior. So what utility do these calculations
have? First, they show that the membrane resistance can con-
trol filtration rates for a significant portion of the total filtrate
volume, if not filtration time. Figure 8 shows that for larger
values of membrane resistance, more than a tenth of the total
charged suspension can be expressed before cake immobiliza-
tion sets in and the solids network controls the resistance to
flow. Second, the membrane resistance affects the concentra-
tion profile. The concentration profile near the membrane is
determined during the initial cake formation period and the
resistance of the solids at the membrane will affect the rate of
filtration and cake density as the filtration proceeds. Future
models that take into account spin-up and loading rates will
also have to take into account the membrane resistance–con-
trolled portion of cake formation to accurately describe the
solids network and thus the progress of filtration. We have also
shown that the solids flux above a compressing cake should not
be neglected when modeling batch centrifugal filtration.

In a companion article, we examine the cake compression
and drainage stages for T 
 Tc for our instantaneously loaded
drum filter. The methods developed here should permit exten-
sion to the case where the loading is more gradual and also
allow for drum spin-up.

Notation

x(k) � variable at time step k
D � diffusion coefficient

I1(Z) � integral of the solids volume over the range 0–Z
I2(Z) � integral of the resistance to flow resulting from solids over the

range 0–Z
I3(Z) � integral of the contribution to the rate of expression arising from

solids flux over the range 0–Z
L � scaled initial suspension volume (to be filtered) per unit length

M � membrane resistance divided by R0

p0 � prefactor for yield stress function

P* � pressure scaling factor divided by p0

pl � liquid pressure
ps � solids pressure
py � solids compressive yield stress
Py � scaled solids compressive yield stress
q � scaled time derivative of solids concentration, �(�)(��/�T)
r � radial coordinate

rm � radius of the filter drum
R(�) � hydrodynamic resistance

R0 � hydrodynamic resistance at infinite dilution
R* � resistance scaling factor

Rmem � membrane resistance
S � suspension flux per unit area

Sc � scaled contribution of the flux of cake solids to the driving
pressure

Ss � scaled sedimenting solids flux contribution to the driving pres-
sure

t � time
t* � timescaling
T � scaled time
tI � time when the cake immobilizes at the membrane
ts � time when the sedimenting solids have been collected into the

cake
tc � time when the liquid surface intersects the cake surface
u � solids velocity vector
v � volume expressed per unit length
V � scaled volume expressed per unit length
V̇ � scaled rate of volume expression per unit length, dV/dT
V̈ � scaled rate of change of rate of volume expression per unit

length, �2V/�T2

w � liquid velocity vector
Z � scaled radial coordinate

Greek letters

�p � cake resistance derived from pressure filtration modeling
�c � cake resistance derived from centrifugal filtration modeling
� � V coefficient in similarity solution
� � Zc coefficient in similarity solution
� � similarity independent variable Z/Zc

�(�) � scaled solids diffusion coefficient
� � solids volume fraction
� � solids volume fraction in similarity solution

�I
0 � solids volume fraction at the membrane in the zero membrane

resistance limit
�0 � solids volume fraction of the feed also initial solids concentra-

tion
�g � solids fraction at the gel-point

�cap � concentration where capillary stress equals the yield stress
�* � concentration at a comparison point
�u � solids flux

�(�) � scaled hydrodynamic resistance

 � scaled membrane resistance

f � suspension viscosity
� � scaled solids flux
�l � liquid density
�s � solids density

�� � solids density minus liquid density
� � drum rotation rate (revolutions per second)
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